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THE INSCRIPTION OF REGULAR POLYGONS. 



By LEONARD B. DICKSON. M. A., Fellow in Pure Mathematioa, University of Chicago. 



CHAPTER V. 



[Continued from the DeccmLor Numb«i .1 

II. When the number of sides is a multiple of ft. 
In the regular 25-gon, A s — A, „ = 1, being chords of the regular pen- 
tagon. But A t — A t + A 3 — A t +Ai— ■ ■ ■■ — A xt = \. 

.: (At-A t -A t +A,+A t i) + (-A t +A 3 +A.-A lt -A, .)=(>. 
The product of these two groups expanded is seen to be 0. Hence, 
each group equals zero. 

The sum of the chords -4,, — A t , — A t ,A,,A t , equals 0; the sum of 
their 10 products two at a tivae=2(Ai — A, 1 — Ai + A t + A lt ) + 5(A ll ,—A s ) 
= — 5; the sum of their 10 products three at a time 

^-&A i -A t -A s +A t +A, 1 )+2(A t -A 3 -A, + A i +A lt )='0; the sum of 
their 5 products four at a time=5(J.* —A ( ) = 5; the product of all five 
1 =2(A l -A t -A t + A t +A ll )-(A t -A t -A,+A t +A, i ) + A, = A s . Hence, 
they are the roots of ** — bx* +bx— ^,=0. 

Similarly, A t ,—A i ,—A^,A t ,A it are the roots of .x s — 5j 9 +;wr— /1 10 =0. 
In the regular 35-gon, A, — A t 4 = 1; A s —A i0 +A ti -1. 
.-. (^ 8 -^,+^ 11! + ^,,) + M <1 +^ 8 -^ 1 -^ 1 3) + (^ 4 -y| :( - / l, I -A I1 )=l. 
Write A, B, C for these three groups respectively. 
Then .4 + i?+ 6 = 1; AB=3B+3C+t(A X0 -A Xi ); 

AC=3A+3B+l(-A i -A ii y, BC=3A+3C+i(A„- A t ). 

.: AB + AC+BC^iA+B+Q+Si-Ai + A^-A^) 2. 

ABC=C{ 3-SA+MA^-A,,) \.=3C-3AC+lC{A<„- A^). 

expanded, = --1. 

Hen.ce, A, B, Care the roots of x % -.t 8 — 2z+1^=0. But (Chapter I.) 

A s ,—A , ,^4, j are the roots of this cubic. By inspection, or by a table of 

natural cosines, we determine which of the roots in the two sets correspond; 

viz, A=A i ;B=A 1s ; C=*-A iv . 

At-At-At + A^+Att^Q 
At-A^-At+Att+A^^O 
A t — A t —A, + A, i+ A, i*=Q. 

We may prove by our usual method that: 
A x ,— A t ,~ A t ,A 13 ,Ai t are the roots of x l — &x*+Sx— A s =0 
A t ,— A t ,— A„A lt ,A tt are the roots of x* — 5x s + hx— A 1t =0 
A it — A t ,—A, j,^!,,^,, are the roots of x l — 5x i +bx— A t$ =0. 



By induction, for a regular polygon of n — bm sides: 

-■l — Am—l — -4m+i + -a?m— l + -rt»n+j^O. 
A.j — Am-2 — A m +2 + Aim-i + A&n+z—O. 

Generally, Ai-Am-t-Am+i+Aim-, +A tm+ ,=0. 
We may prove this trigonometrically by use of the formula for the 
sum of two cosines; but more elegantly thus: 

Since A m —A im = 1, being chords of the regular pentagon, 

At = Aa(Am — Aim ) = ^4 m -« + -4 OT+ » — Aim-, — Aimt-t- 

The sum of the chords, A„—Am-„ — A m+ „A2m-i,Atm+t equals 0; the 
sum of their products two at a time 

=*2{Ai, — Am-i,— A m +2s + Aim-'U + Aimyu ) + 5(A-z m — Am)— — 5; 

the sum of their products three at a time=0; four at a time=5; the product of 
all five=yl 5 , . Hence, they are the five roots of x i — 5* s +5a;— A M =0, where * 

is any integer z — ~ ; and A f ,-A, ,.4, „ .... =b,l .,„... . are the '^1 

roots of the equation (4) for the regular m-gon. 

If m is not divisible by 5, one chord of every group of "> chords is a 
root of this equation (4). For one and only one of the subscripts s, m— x, m+s, 
2m— s, 2m,+s is always divisible by 5, as is seen by replacing some by their 
equivalents: 5m— «,»?—«, 4m— *, 2m— s, 3m— s. The remaining four chords 
will be determined by a series of quadratics whose co-efficients are linear 
functions of the roots of (4). 

Thus, if * be divisible by 5,± A, ,±A- 2 , ,±Aa,, are roots of (4). 

Then (— A m _, — A m+ ,)+(A im -, + A im +*) = — A,; (— A m -,— A m+t ) 

(^•.m-» +-4:m+«) = 2(— A m + A«m ) + ( — A m -u — A m ~2j + A im -t, + Atm+u)= — 2 

— A-u- ■'■ (— Am-,— Amtt ) and (Aim-, -rA-t m +,) are the roots of the 
quadratic x* + A,w— {2+A*,)=0. 

Now A m _, . Am+t—A&n + A%t ; At m -»- A^m+t —Ajt — A m . 

The sum and product of each pair of chords being known in terms of 

the roots of (4). it follows that, if the ' chords of the regular w-gon be 

found, we can find all the chords of the regular 5 ?n-gon by solving a series of 
quadratics. 

However, if m be divisible by 5, the five chords in any of the above 

groups are all, or not one of them, roots of equation (4) for the regular »n-gon; 

for the subscripts*, m—s, m+s, 2m— s, 2m+s, are either all or not one of 

them divisible by 5, according as * is or is not divisible by 5. Hence, we can 

not avoid or lower the above quintic. 

The regular 5-m gon depends for inscription upon, the same equations 
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tix does the regular m-gon, if m be prime to 5/ but also upon one or more quinticx 
of the above form, if m contain* tite factor 5. 

III. When the number of sides is divisible by 7. 
For a regular polygon of n=7?n sides: 

As — A m -s — Amit~i~A.2m-*~i~A,!,n \-n — - / '3/«-i" r " A$ m -s = 'J. 

For, A m — A 2m + A 3 m=1, being chords of the regular 7-gon. 

Hence, A, = A,{A m —A lm +A 3m )-A m _„ + A mH —Asm-*—A !m +, 

By the usual method of proof, A s ,—A m .-„— A m+ , ,A 2 m~» ,A 3m+s , 
— Asm-, ,—A 3mlr , are the 7 roots of a; 1 — 7.r 6 + 14.z i> — 7x— Aj,=0, where 

_ pi 2 

* > — z> — » an( * Ar^m^ir • •±-4 7 „ are the roots of the equation (4) 

for the regular ?n-gon. 

If m is prime to 7, one and only one chord of each of the above groups 
of 7 chords is a root of this equation (4). 

The remaining six chords will be determined by a cubic and three 
quadratics, whose coefficients are linear functions of the roots of (4). 

Thus, if * be divisible by 7, ±A„±A 2 , .±A 3 * , are roots of (4). 

Write A for =A m -,-A m ,,, B for /l 2m _, +A- im+ ,, 6 for -A am-,- A Sm+ ,. 
Then A + B+C--A.; A/H-AC+ BC=-i(A m -A 2m +A 3m ) 

+ 2(— A m ~"i — A m y 2 ,+ A 2m -2ii + Aim l», — A^m-i, — A 3m + o, )=.— 4— 2A-Z,. 

A Br expanded gives 3 A, + A*. Hence, .1, /?. 6"are the roots of 

x 3 + A ,x* - (4 + 2 A 2 ,)a— (3.1 . + A„) = 0. 

But A m -».Am\*-= A im + A 2 , , etc. Hence, if the — ^ — chords of the 

regular w-gon be found, we can find all the chords of the reeular 7m-gon by 
solving a cubic and 3 quadratics. 

However, if m be divisible bv 7, the 7 chords in any of the above 
groups are all or none of them roots of equation (4) for the regular m-gon. 
Hence, we can neither lower the above septic* nor avoid them 

The regular Im-gon depends for inscription upon the same eguati-on as 
the regular m-gon, toqether with an additional cubic, if m. he prime to 7; hit to- 
gether with one or more additional septics, ifm contains the factor 7. 



